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The ground state and thermodynamics of a generalized spin-1/2 Ising–Heisenberg diamond chain with the second-
neighbor interaction between nodal spins are calculated exactly using the mapping method based on the decoration-
iteration transformation. Rigorous results for the magnetization, susceptibility, and heat capacity are investigated in
dependence on temperature and magnetic field for the frustrated diamond spin chain with the antiferromagnetic Ising
and Heisenberg interactions. It is demonstrated that the second-neighbor interaction between nodal spins gives rise to
a greater diversity of low-temperature magnetization curves, which may include an intermediate plateau at two-third
of the saturation magnetization related to the classical ferrimagnetic (up-up-up-down-up-up-...) ground state with
translationally broken symmetry besides an intermediate one-third magnetization plateau reflecting the translationally
invariant quantum ferrimagnetic (monomer-dimer) spin arrangement.
Copyright line will be provided by the publisher
1 Introduction Decorated spin chains, which can
be exactly treated by combining the decoration-iteration
transformation with the transfer-matrix method [1,2,3,4,
5,6], are of practical importance for the qualitative inter-
pretation of magnetic phenomena emergent in real solid-
state materials. In particular, several exactly solved Ising–
Heisenberg decorated spin chains provide in-depth under-
standing of a striking interplay between geometric spin
frustration and quantum fluctuations, which may manifest
itself through various intriguing phenomena such as the
appearance of intermediate plateaux in low-temperature
magnetization curves, the formation of additional maxima
in the temperature dependence of the susceptibility and
specific heat, the enhanced magnetocaloric effect during
the adiabatic demagnetization and so on. Despite a certain
oversimplification, some exactly solved Ising–Heisenberg
spin chains afford a plausible quantitative description of
the magnetic behavior of real spin-chain materials [7,8,9,
10,11,12,13].
During the past decade, the natural mineral azurite
Cu3(CO3)2(OH)2 has attracted a considerable research
interest, because it provides a long sought experimental
realization of the spin-1/2 diamond chain with spectacular
magnetic properties [14,15,16,17]. Owing to this fact, a lot
of attention has been paid to a rigorous treatment of various
versions of the Ising–Heisenberg diamond chain [18,19,
20,21,22,23,24,25,26,27]. Although a correct descrip-
tion of magnetic properties of the azurite would require
modeling based on a more complex spin-1/2 Heisenberg
model [28,29], the simplified but still exactly tractable
spin-1/2 Ising–Heisenberg diamond chain qualitatively
reproduces the most prominent experimental features re-
ported for the azurite such as an intermediate one-third
magnetization plateau as well as the double-peak tempera-
ture dependences of specific heat and susceptibility [14,15,
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16,17]. In addition, it has been theoretically predicted that
the asymmetric spin-1/2 Ising–Heisenberg diamond chain
[21] relevant to the azurite may display much richer mag-
netic behavior than its symmetric counterpart [18], since
the asymmetry in exchange interactions along the diamond
sides may cause new peculiarities such as an existence of
the additional magnetization plateau at zero magnetiza-
tion and/or unusual temperature dependence of zero-field
specific heat with three distinct round peaks [21].
To provide consistent description of all experimental
data reported so far for the azurite (i.e. low-temperature
magnetization curve, INS and NMR data, magnetic sus-
ceptibility and specific heat [14,15,16,17]), the first-
principles calculations based on the density functional the-
ory have been recently combined with the state-of-the-art
numerical calculations [28,29]. This powerful combination
of accurate methods has convincingly evidenced that the
asymmetric spin-1/2 Heisenberg diamond chain suggested
in the early studies as a feasible model of the azurite [14,
15,16,17] must be inevitably extended in order to include
the second-neighbor interaction between the nodal spins
as well as non-negligible inter-chain interactions [28].
However, a closer inspection of the exchange interactions
in the azurite allows one to map a rather complex three-
dimensional Heisenberg model to the asymmetric spin-1/2
Heisenberg diamond chain with the second-neighbor in-
teraction between the nodal spins under additional small
refinement of all exchange constants [29].
Bearing all this in mind, the main purpose of this
work is to examine magnetic properties of the asymmet-
ric spin-1/2 Ising–Heisenberg diamond chain refined by
the second-neighbor interaction between the nodal spins.
It will be evidenced that the second-neighbor interaction
between the nodal spins may cause an emergence of the
additional intermediate plateau at two-thirds of the satu-
ration magnetization, the nature of which is completely
the same as recently proposed for the symmetric spin-
1/2 Ising–Heisenberg diamond chain accounting for an
extra four-spin interaction [25,26]. It is worthwhile to
remark, moreover, that an investigation of the general-
ized spin-1/2 Ising–Heisenberg diamond chain with the
second-neighbor interaction between the nodal spins is in-
triguing because this model is isomorphic with the spin-1/2
Ising–Heisenberg doubly decorated chain [30,31] refined
by the additional further-neighbor interactions as well
as the spin-1/2 Ising–Heisenberg tetrahedral chain [32].
Consequently, the exact results presented hereafter for the
generalized spin-1/2 Ising–Heisenberg diamond chain with
the second-neighbor interaction between the nodal spins
have some important implications also for the remarkable
quantum antiferromagnetic order experimentally observed
in the copper-based tetrahedral chain Cu3Mo2O9 [33,34,
35,36,37,38].
The organization of this paper is as follows. Section
2 provides an exact solution of the generalized spin-
1/2 Ising–Heisenberg diamond chain with the second-
neighbor Ising interaction between the nodal spins and
the XYZ Heisenberg interaction between the interstitial
spins in the spirit of the decoration-iteration mapping
transformation. The most interesting results obtained for
the ground-state phase diagrams are discussed together
with typical magnetic field and temperature dependences
of the magnetization, susceptibility, and specific heat in
Section 3. A few experimental results reported previ-
ously for solid-state representatives of the diamond spin
chain Cu3(CO3)2(OH)2 and the tetrahedral spin chain
Cu3Mo2O9 are also briefly qualitatively interpreted with
the help of the studied model in Section 4. Finally, some
conclusions and future outlooks are drawn in Section 5.
2 Ising–Heisenberg diamond chain Let us con-
sider the generalized spin-1/2 Ising–Heisenberg diamond
chain in a presence of the external magnetic field. A prim-
itive cell of the diamond spin chain is determined by the
nodes k and k+1 as illustrated in Fig. 1. All nodal sites are
occupied by the Ising spins µk = ±1/2, which are coupled
with their neighbors solely through the Ising interactions.
On the contrary, two interstitial sites (k, 1) and (k, 2) from
the k-th primitive cell are occupied by the Heisenberg
spins Sk,1 and Sk,2, which are mutually coupled through
the spatially anisotropic XYZ Heisenberg interaction. For
further convenience, the total Hamiltonian of the gener-
alized spin-1/2 Ising–Heisenberg diamond chain can be
defined as a sum over cell Hamiltonians Hˆk:
Hˆ =
N∑
k=1
Hˆk, (1)
where each cell Hamiltonian Hˆk involves all the interac-
tion terms belonging to the k-th primitive cell
Hˆk=J1Sˆxk,1Sˆxk,2+J2Sˆyk,1Sˆyk,2+J3Sˆzk,1Sˆzk,2 + I3µkµk+1
+µk
(
I1Sˆ
z
k,1+I2Sˆ
z
k,2
)
+µk+1
(
I2Sˆ
z
k,1+I1Sˆ
z
k,2
)
− hH
(
Sˆzk,1 + Sˆ
z
k,2
)
− hI
2
(µk + µk+1) , (2)
In above, Sˆαk,i (α = x, y, z; i = 1, 2) denote spatial com-
ponents of the spin-1/2 operator, the parameters J1, J2 and
J3 determine the spatially anisotropic XYZ interaction be-
tween the nearest-neighbor Heisenberg spins, I1 and I2
label the Ising interactions between the nearest-neighbor
Ising and Heisenberg spins residing the diamond sides, I3
represents the second-neighbor Ising interaction between
the nodal spins, hI and hH are the magnetic fields acting
on the Ising and Heisenberg spins, respectively. It should
be mentioned that a few particular cases of the Hamiltonian
(2) have been extensively studied in the past. The particular
case I2 = I3 = 0 (or I1 = I3 = 0) corresponds to the spin-
1/2 Ising–Heisenberg doubly decorated chain [30,31], the
other particular case I1 = I2 and I3 = 0 corresponds to the
symmetric spin-1/2 Ising–Heisenberg diamond chain [18],
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Figure 1 A fragment of the generalized spin-1/2 Ising–
Heisenberg diamond chain. The Ising spins µk and µk+1
at two nodal sites and the Heisenberg spins Sk,1 and Sk,2
at two interstitial sites of the k-th primitive cell are marked.
while the most symmetric special case I1 = I2 = I3 corre-
sponds to the spin-1/2 Ising–Heisenberg tetrahedral chain
[32].
Let us calculate the partition function of the general-
ized spin-1/2 Ising–Heisenberg diamond chain. With re-
gard to a validity of commutative relation between differ-
ent cell Hamiltonians [Hˆi, Hˆj ] = 0, the partition function
Z can be partially factorized into the following product:
Z =
∑
{µk}
N∏
k=1
TrSk,1,Sk,2 exp
(
−βHˆk
)
, (3)
where β = 1/(kBT ), kB is the Boltzmann’s constant, T is
the absolute temperature, the symbol
∑
{µk}
denotes sum-
mation over a complete set of spin states of the Ising spins
and the symbol TrSk,1,Sk,2 marks a trace over spin degrees
of freedom of two Heisenberg spins from the k-th primitive
cell. To proceed further with a calculation, one necessarily
needs to evaluate the effective Boltzmann’s factor
Zk(µk, µk+1) = TrSk,1,Sk,2 exp
(
−βHˆk
)
, (4)
which naturally appears behind the product symbol in the
factorized form (3) of the partition function. For this pur-
pose, it is quite advisable to pass to the matrix representa-
tion of the cell Hamiltonian Hˆk in the basis spanned over
four available states of two Heisenberg spins Szk,1 and Szk,2:
|↑, ↑〉k = |↑〉k,1 |↑〉k,2 , |↓, ↓〉k = |↓〉k,1 |↓〉k,2 ,
|↑, ↓〉k = |↑〉k,1 |↓〉k,2 , |↓, ↑〉k = |↓〉k,1 |↑〉k,2 , (5)
whereas | ↑〉k,i and | ↓〉k,i denote two eigenvectors of the
spin operator Sˆzk,i with the respective eigenvalues Szk,i =
1/2 and −1/2. After a straightforward diagonalization of
the cell Hamiltonian Hˆk one obtains the following four
eigenvalues:
E1,2 = −hI
2
(µk + µk+1) + I3µkµk+1 +
J3
4
±Q+ ,
E3,4 = −hI
2
(µk + µk+1) + I3µkµk+1 − J3
4
±Q− , (6)
where
Q±=
1
2
√(
J1∓J2
2
)2
+ [(I1±I2)(µk±µk+1)− hH∓hH]2.
Now, one may simply use the eigenvalues (6) in order to
calculate the Boltzmann’s factor (4) according to the re-
lation Zk(µk, µk+1) =
4∑
i=1
e−βEi . The explicit form of
the relevant Boltzmann’s factor can be subsequently re-
placed through the generalized decoration-iteration trans-
formation [1,2,3,4]:
Zk(µk, µk+1)=2 exp
[
βhI
2 (µk + µk+1)− βI3µkµk+1
]
×
[
exp
(
−βJ34
)
cosh (βQ+) + exp
(
βJ3
4
)
cosh (βQ−)
]
= A exp
[
βRµkµk+1 +
βH0
2 (µk + µk+1)
]
. (7)
The mapping parameters A, R, and H0 are unambigu-
ously determined by a ’self-consistency’ condition of the
decoration-iteration transformation (7), which requires a
validity of the mapping transformation independently of
the spin states of two Ising spins µk and µk+1 involved
therein. The decoration-iteration mapping transformation
(7) satisfies the ’self-consistency’ condition if and only if
A =
[
Zk
(
1
2
,
1
2
)
Zk
(
−1
2
,−1
2
)
Z2k
(
1
2
,−1
2
)]1/4
,
βR = ln
[
Zk
(
1
2 ,
1
2
)Zk (− 12 ,− 12)
Z2k
(
1
2 ,− 12
)
]
,
βH0 = ln
[
Zk
(
1
2 ,
1
2
)
Zk
(− 12 ,− 12)
]
. (8)
An important consequence directly follows from the ex-
plicit formulas for the mapping parameters (8), which im-
ply that the effective coupling βR is the only mapping
parameter that depends on the second-neighbor interac-
tion I3 between the nodal spins through a trivial shift
βR = βR|I3=0 − βI3 while the other two mapping pa-
rameters A and βH0 are totally independent of I3.
By inserting the decoration-iteration transformation (7)
into Eq. (3) one readily gets a rigorous mapping rela-
tion between the partition function Z of the generalized
spin-1/2 Ising–Heisenberg diamond chain and the partition
function Z0 of the simple spin-1/2 Ising chain with the
effective nearest-neighbor interaction R and the effective
magnetic field H0:
Z = ANZ0(β,R,H0). (9)
It is worthy to recall that the spin-1/2 Ising chain in a mag-
netic field is well-known exactly tractable model, which
can be solved for instance through the classical transfer-
matrix method [39]. The partition function of the spin-1/2
Ising chain in a magnetic field is determined by a sum of
two eigenvalues of the transfer matrix Z0 = λN+ + λN− ,
which are for the sake of completeness given by the fol-
lowing expressions:
λ± = e
βR
4
[
cosh
(
βH0
2
)
±
√
sinh2
(
βH0
2
)
+ e−βR
]
.
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From this point of view, the exact calculation of the
partition function Z of the generalized spin-1/2 Ising–
Heisenberg diamond chain with the second-neighbor inter-
action between the nodal spins is formally completed.
Exact results for other thermodynamic quantities fol-
low quite straightforwardly from the mapping relation (9)
between the partition functions. In the thermodynamic
limit N → ∞, the free energy per unit cell can be evalu-
ated from the formula
f = lim
N→∞
− 1
N
β−1 lnZ = − 1
β
(lnA+ lnλ+), (10)
which also allows a straightforward calculation of the en-
tropy s and the heat capacity c per unit cell:
s = kBβ
2 ∂f
∂β
, c = −β ∂s
∂β
. (11)
The single-site magnetization of the Ising spins mI ≡
〈µk + µk+1〉/2 and the single-site magnetization of the
Heisenberg spinsmH ≡
〈
Sˆzk,1 + Sˆ
z
k,2
〉
/2 can be obtained
by a differentiation of the free energy (10) with respect to
the particular magnetic fields:
mI = − ∂f
∂hI
, mH = −1
2
∂f
∂hH
. (12)
Once evaluated, the total magnetization can be expressed
in terms of both single-site magnetizations through the for-
mula m = (mI + 2mH)/3.
3 Results and Discussion In this section, let us dis-
cuss the most interesting results obtained for the gener-
alized spin-1/2 Ising–Heisenberg diamond chain with the
second-neighbor interaction between the nodal spins. For
simplicity, our further attention will be focused just on
the particular case with the antiferromagnetic Ising in-
teractions I1, I2, I3 > 0 and the antiferromagnetic XXZ
Heisenberg interaction J1 = J2 = J∆, J3 = J > 0. The
main motivation for a detailed study of the antiferromag-
netic spin-1/2 Ising–Heisenberg diamond chain lies in that
this special case should exhibit the most obvious manifes-
tations of a mutual interplay between the geometric spin
frustration and local quantum fluctuations. Note further-
more that the dimensionless parameter∆ determines a spa-
tial anisotropy in the XXZ Heisenberg interaction and the
special case of ∆ = 1 corresponds to the isotropic Heisen-
berg coupling between the nearest-neighboring interstitial
spins. To further reduce the number of free interaction pa-
rameters, we will also assume equal magnetic fields acting
on the Ising and Heisenberg spins h = hI = hH what
physically corresponds to setting g-factors of the Ising and
Heisenberg spins equal one to each other. Another impor-
tant observation can be made from the Hamiltonian (2) of
the generalized spin-1/2 Ising–Heisenberg diamond chain
that is invariant with respect to the inter-change I1 ←→ I2
under simultaneous re-numbering of the interstitial sites
k, 1 ←→ k, 2 and hence, one may also consider I1 ≥ I2
without loss of generality. This fact allows us to introduce
a difference between two Ising interactions along the dia-
mond sides δI = I1−I2 ≥ 0 and to use the stronger among
two Ising interactions as the energy unit when defining the
following set of dimensionless interaction parameters:
J˜ =
J
I1
, δI˜ =
δI
I1
, I˜3 =
I3
I1
, h˜ =
h
I1
. (13)
The reduced interaction parameters given by Eq. (13) mea-
sure a relative strength of the Heisenberg interaction, the
asymmetry of two Ising interactions along the diamond
sides, the second-neighbor interaction between the nodal
spins, and the external magnetic field, all normalized with
respect to the stronger Ising interaction (I1) along the dia-
mond sides. It is quite evident that the accessible values of
the parameter δI˜ , whose physical sense lies in the degree
of asymmetry of two Ising interactions along the diamond
sides, are then restricted to the interval δI˜ ∈ [0, 1].
First, let us examine the ground state of the generalized
spin-1/2 Ising–Heisenberg diamond chain. The ground
state can be trivially connected to the lowest-energy eigen-
state of the cell Hamiltonian (6) obtained by taking into
account all four states of two nodal Ising spins µk and
µk+1 that enter into the respective eigenvalues. Depending
on a mutual competition between the interaction param-
eters J˜ , ∆, δI˜ , I˜3 and h˜ one finds in total five different
ground states: the saturated paramagnetic state SPA, two
classical ferrimagnetic states FRI1 and FRI2, the quantum
ferrimagnetic state QFI and the quantum antiferromagnetic
state QAF given by the eigenvectors
|SPA〉=
N∏
k=1
|+〉k |↑, ↑〉k,
|FRI1〉=
N∏
k=1
|−〉k |↑, ↑〉k,
|QFI〉=
N∏
k=1
|+〉k 1√
2
[|↑, ↓〉k − |↓, ↑〉k],
|QAF〉=


N∏
k=1
∣∣[−]k〉
k
[
A[−]k |↑, ↓〉k −A[−]k+1 |↓, ↑〉k
]
N∏
k=1
∣∣[−]k+1〉
k
[
A[−]k+1 |↑, ↓〉k−A[−]k |↓, ↑〉k
] ,
|FRI2〉=


N∏
k=1
∣∣[−]k〉
k
|↑, ↑〉k
N∏
k=1
∣∣[−]k+1〉
k
|↑, ↑〉k
. (14)
In above, the ket vector |±〉k determines the state of the
nodal Ising spin µk = ±1/2, the symbol [−]k ∈ {−,+}
marks the sign of the number (−1)k, the spin states rele-
vant to two Heisenberg spins from the kth primitive cell
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pss header will be provided by the publisher 5
are determined by the notation (5) and the probability am-
plitudes A± are explicitly given by the expressions:
A± =
1√
2
√√√√1∓ δI˜√
(δI˜)2 + (J˜∆)2
. (15)
The eigenenergies per primitive cell that correspond to the
respective ground states (14) are given as follows:
E˜SPA = J˜
4
+ 1− δI˜
2
+
I˜3
4
− 3h˜
2
,
E˜FRI1 =
J˜
4
− 1 + δI˜
2
+
I˜3
4
− h˜
2
,
E˜QFI = − J˜
4
− J˜∆
2
+
I˜3
4
− h˜
2
,
E˜QAF = − J˜
4
− 1
2
√
(δI˜)2 + (J˜∆)2 − I˜3
4
,
E˜FRI2=
J˜
4
− I˜3
4
− h˜. (16)
Let us shortly comment on respective spin arrange-
ment inherent to the ground states (14). At high magnetic
fields, the antiferromagnetic spin-1/2 Ising–Heisenberg di-
amond chain naturally ends up at SPA ground state with
all nodal Ising and interstitial Heisenberg spins fully po-
larized by the external magnetic field. Contrary to this,
the ground-state spin alignment is much more diverse at
lower magnetic fields when either one of three ferrimag-
netic ground states (FRI1, FRI2 or QFI) or the unique
quantum antiferromagnetic ground state QAF is realized.
The ground state FRI1 corresponds to a classical ferrimag-
netic spin arrangement, in which all interstitial Heisenberg
spins are fully aligned with the magnetic field and all nodal
Ising spins point in an opposite direction due to the anti-
ferromagnetic coupling with their nearest-neighbor inter-
stitial spins. However, it is energetically more favorable
for the Heisenberg spin pairs to form the singlet-dimer
state provided that the antiferromagnetic coupling between
the Heisenberg spins is strong enough. Under this condi-
tion, the antiferromagnetic spin-1/2 Ising–Heisenberg di-
amond chain rests in the quantum ferrimagnetic ground
state QFI with a character of the dimer-monomer state,
because the nodal Ising spins tend to align with the mag-
netic field on behalf of a spin frustration that effectively
switches off the coupling between the nearest-neighbor in-
terstitial and nodal spins. The second-neighbor coupling
between the nodal Ising spins may additionally cause the
antiferromagnetic alignment of the nodal Ising spins at low
enough magnetic fields, which consequently leads to the
unique quantum antiferromagnetic ground state QAF. The
most striking feature of QAF is that the antiferromagnetic
alignment of the nodal Ising spins is surprisingly trans-
ferred to a quantum superposition of two intrinsically an-
tiferromagnetic states (|↑, ↓〉k and |↓, ↑〉k) of the Heisen-
berg spin pairs, which fall into a perfect singlet-dimer state
just for the symmetric diamond chain δI˜ = 0 while any
asymmetry δI˜ 6= 0 causes according to Eqs. (14)-(15) the
spin-singlet-like state with a non-zero staggered magneti-
zation on the Heisenberg spin pairs. The second-neighbor
interaction between the nodal Ising spins may be also re-
sponsible for an appearance of another classical ferrimag-
netic ground state FRI2 with translationally broken sym-
metry, which cannot be in principle found in the spin-1/2
Ising–Heisenberg diamond chain without this interaction
term [21]. The ground state FRI2 can be characterized by
a full alignment of all interstitial Heisenberg spins with the
magnetic field, whereas the antiferromagnetic arrangement
of the nodal Ising spins arises from the antiferromagnetic
second-neighbor coupling I˜3 in between them.
Now, let us proceed to a detailed analysis of the
ground-state phase diagram. The ground-state phase di-
agram in the δI˜ − h˜ plane in an absence of the second-
neighbor interaction between the nodal spins might have
three different topologies depending on a size of the
parameter J˜(1 + ∆) [21]: the topology of type 1 for
J˜(1 + ∆) ≤ 1 shown in Fig. 2(a1), the topology of type
2 for 1 < J˜(1 + ∆) < 2 displayed in Fig. 2(b1), and
the topology of type 3 for J˜(1 + ∆) ≥ 2 illustrated in
Fig. 2(c1). The relevant ground-state boundaries for the
special case of I˜3 = 0 are shown in Fig. 2(a1),(b1),(c1)
by dotted lines for the illustrative case of the isotropic
Heisenberg interaction (∆ = 1). In what follows, we
will concentrate our attention only to the influence of the
second-neighbor interaction I˜3 on the topology of the re-
spective ground-state phase diagrams, whereas the reader
interested in more details concerned with the special case
I˜3 = 0 is referred to Ref. [21].
Consider first the changes in the ground-state phase
diagram of type 1 invoked by the strengthening of the
second-neighbor interaction I˜3. It is quite obvious from
Fig. 2(a1) that the direct field-induced transition between
the FRI1 and SPA phases observable for the special case
I˜3 = 0 along the line h˜ = 2 − δI˜ vanishes on account
of a presence of the band-like region pertinent to the FRI2
phase. A cross-section of the band-like region in parallel
to the field axis h˜ equals to 2I˜3, which means that the
field range inherent to the FRI2 phase becomes the greater
the stronger the second-neighbor interaction I˜3 is. At zero
magnetic field, the FRI1 phase is replaced with the QAF
phase above the boundary value
δI˜ =
2− J˜ − I˜3
2
− (J˜∆)
2
2
(
2− J˜ − I˜3
) , (17)
which monotonically decreases with increasing the second-
neighbor interaction I˜3 until it reaches zero at the threshold
value I˜3 = 2 − J˜(1 +∆) [see Fig. 2(a2)]. If the strength
of the second-neighbor interaction I˜3 is from the interval
1− 1
2
(
J˜ +
√
(J˜∆)2 + 1
)
≤ I˜3 ≤ 2− 1
2
J˜(1 +∆), (18)
Copyright line will be provided by the publisher
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Figure 2 Ground-state phase diagrams in the δI˜−h˜ plane constructed by considering several values of the relative strength
of the second-neighbor interaction I˜3 and three different relative strengths of the isotropic Heisenberg interaction (∆ = 1):
(a) J˜ = 0.5, (b) J˜ = 0.75, and (c) J˜ = 1.0. The dotted lines shown in Fig. 2(a1),(b1),(c1) correspond to the special case
without the second-neighbor coupling I˜3 = 0.
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then, the ground-state phase diagram contains a special
triple point with the coordinates:
δI˜=
1
3
[
2
(
4− 2I˜3 − J˜
)
−
√
3(J˜∆)2+
(
4− 2I˜3 − J˜
)2]
,
h˜=
1
3
[
2
(
J˜ − 1
)
+ I˜3+
√
3(J˜∆)2+
(
4− 2I˜3 − J˜
)2]
,
(19)
at which the FRI1, QAF and FRI2 phases coexist together
[see Fig. 2(a2)]. The coexistence point of the FRI1, QAF
and FRI2 phases gradually moves towards lower values of
the asymmetry parameter δI˜ with increasing the second-
neighbor interaction I˜3 (along the imaginary part of transi-
tion line between the QAF and FRI2 phases) until it reaches
the symmetric point δI˜ = 0 for I˜3 = 2 − J˜(1 + ∆)/2.
Herewith the FRI1 phase completely disappears from the
ground-state phase diagram as it is illustrated in Fig. 2(a3),
whereas a further increase in the second-neighbor interac-
tion I˜3 only extends the area pertinent to the FRI2 phase but
it does not qualitatively change the topology of the phase
diagram.
The effect of the second-neighbor interaction I˜3 upon
the ground-state phase diagram of type 2 is quite similar
as in the previous case, but the relevant phase diagram is
in general much more complicated due to a presence of
the QFI phase residing a parameter space with a rather
high asymmetry of two Ising interactions along the dia-
mond sides. The second-neighbor interaction I˜3 repeatedly
gives rise to the band-like region corresponding to the FRI2
phase, which emerges instead of the direct field-induced
transition between the FRI1 and SPA phases unlike the spe-
cial case I˜3 = 0 [see Fig. 2(b1)]. In addition, the param-
eter region inherent to the FRI2 phase wedges in between
the SPA and QFI phases, whereas the apex of this wedge
forms the triple point that determines a coexistence of the
SPA, QFI and FRI2 phases at [Fig. 2(b1)]
δI˜=2− J˜(1 +∆) + 2I˜3,
h˜= J˜(1 +∆)− I˜3. (20)
This triple point is shifted towards higher values of the
asymmetry parameter δI˜ with increasing of the second-
neighbor interaction I˜3 until it completely vanishes from
the phase diagram for I˜3 > [J˜(1 + ∆) − 1]/2 [see
Fig. 2(b2)]. Besides, two phase boundaries between the
FRI2-QFI and QFI-QAF phases are gradually approaching
each other upon further increase of the second-neighbor
coupling I˜3 until both transition lines meet at a new triple
point whenever
I˜3 ≥ J˜(1 +∆)− 1
2
(
J˜ +
√(
J˜∆
)2
+ 1
)
. (21)
Apparently, the aforementioned triple point defines a coex-
istence of the FRI2, QFI and QAF phases given by
δI˜ =
√(
J˜ + 2J˜∆− 2I˜3
)2
− (J˜∆)2,
h˜ = J˜(1 +∆)− I˜3, (22)
which can be clearly seen in Fig. 2(b2)-(b3). The locus of
the last triple point moves to lower values of the asymme-
try parameter δI˜ with increasing the second-neighbor in-
teraction I˜3 (along the imaginary part of the transition line
between the FRI2 and QAF phases), which consequently
reduces the parameter region inherent to the QFI phase [see
Fig. 2(b3)]. If the second-neighbor interaction equals to
I˜3 = J˜
(
1
2
+∆
)
− 1
2
√(
J˜∆
)2
+
[
J˜(1 +∆)− 2
]2
,(23)
then, all three aforedescribed triple points determining a
coexistence of the FRI1-FRI2-QFI, FRI1-QFI-QAF, and
FRI2-QFI-QAF phases merge together owing to a com-
plete disappearance of the QFI phase from the ground-
state phase diagram as displayed in Fig. 2(b3). As a re-
sult, the phase diagram gains for stronger values of the
second-neighbor interaction I˜3 the same topology as de-
scribed previously in Fig. 2(a2) with only one triple point
determining a phase coexistence between the FRI1, FRI2
and QAF phases [cf. Fig. 2(b2) with Fig. 2(a2)]. If the
second-neighbor interaction exceeds the threshold value
I˜3 > 2 − J˜(1 + ∆)/2, the triple point corresponding to
the phase coexistence between the FRI1, FRI2 and QAF
phases vanishes and one recovers qualitatively the same
phase diagram as illustrated in Fig. 2(a3).
Last, let us comment on changes in the ground-state
phase diagram of type 3 caused by the second-neighbor in-
teraction as shown in the lower panel of Fig. 2. The most
fundamental difference is that the FRI2 phase does not in-
stantaneously appear in the relevant ground-state phase di-
agram upon rising the second-neighbor interaction I˜3 from
zero in contrast to the previous two cases. Indeed, the FRI2
phase emerges first in between the QFI and SPA phases
just if the second-neighbor interaction is stronger than the
boundary value I˜3 ≥ [J˜(1 + ∆) − 2]/2. The parameter
region inherent to the FRI2 phase is then delimited by the
symmetric point δI˜ = 0 and the triple point (20) deter-
mining a coexistence of the SPA, QFI and FRI2 phases.
The triple point of the phase coexistence SPA-QFI-FRI2
is shifted towards higher values of the asymmetry param-
eter δI˜ upon strengthening of the second-neighbor inter-
action I˜3 until it completely vanishes from the phase dia-
gram for I˜3 > [J˜(1 +∆)− 1]/2 [see Fig. 2(c1)]. The next
triple point determining a coexistence of the FRI2, QFI and
QAF phases occurs whenever the second-neighbor cou-
pling satisfies the condition (21), whereas the locus of this
triple point given by Eq. (22) gradually moves towards
lower values of the asymmetry parameter δI˜ (along the
imaginary part of the transition line between the FRI2 and
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QAF phases) as the second-neighbor interaction further
strengthens [see Fig. 2(c2)-(c3)]. The aforedescribed triple
point cannot be found in the ground-state phase diagram
for I˜3 > J˜(1 +∆)/2 due to a complete disappearance of
the QFI phase and the phase diagram finally recovers the
same topology as discussed previously for Fig. 2(a3).
Before proceeding to a discussion of finite-temperature
properties, it is worth mentioning that the total magneti-
zation of two ferrimagnetic ground states FRI1 and QFI
equals to one-third of the saturation magnetization in con-
trast to the total magnetization of the other ferrimagnetic
ground state FRI2 being equal to two-thirds of the satura-
tion magnetization. For this reason, three remarkable ferri-
magnetic ground states should manifest themselves in low-
temperature magnetization curves as intermediate plateaux
at one-third and/or two-thirds of the saturation magneti-
zation. Let us consider first the field dependence of the
total magnetization normalized with respect to the satura-
tion magnetization as depicted in Figs. 3(a) and 4(a) for
a few temperatures and the isotropic Heisenberg coupling
(∆ = 1) of the relative strength J˜ = 0.75. The dotted lines
show the magnetization curves for the special case with-
out the second-neighbor interaction (I˜3 = 0), while the
solid lines display the relevant change in the magnetization
curves achieved upon switching on the second-neighbor in-
teraction of moderate strength I˜3 = 0.35. The most crucial
change in the low-temperature magnetization curves due
to the non-zero second-neighbor interaction I˜3 definitely
represents the novel two-thirds intermediate plateau con-
nected with the ground state FRI2. In fact, the two-thirds
magnetization plateau may emerge both for low as well
as high value of the asymmetry parameter as depicted in
Figs. 3(a) and 4(a) for two specific cases δI˜ = 0.1 and
0.7, respectively, while the two-thirds plateau cannot be
basically found in the magnetization process of the spin-
1/2 Ising–Heisenberg diamond chain without the second-
neighbor interaction [21]. Moreover, it is quite obvious
from Figs. 3(a) and 4(a) that the asymmetry parameter δI˜
plays an essential role whether or not the magnetization
curve might have plateau at zero magnetization, because
the asymmetry parameter generally favors the QAF phase
with a zero total magnetization before entering to the one-
third plateau FRI1 phase. The rising temperature generally
smoothens the stepwise magnetization curves observable
at low enough temperatures until the intermediate plateaux
completely disappear from the magnetization curves.
Next, let us turn our attention to temperature depen-
dences of the total magnetization shown in Fig. 3(b) and
4(b). The following general trends can be deduced from
the displayed thermal variations of the total magnetiza-
tion. The magnetization exhibits the marked temperature-
induced changes whenever the external magnetic field is
sufficiently close to critical fields determining a phase co-
existence between two different ground states, whereas
the vigorous thermally-induced increase (decrease) of the
total magnetization is observable for the magnetic fields
slightly below (above) the respective critical fields. Con-
trary to this, the magnetization falls down rather steadily
with the rising temperature if the magnetic field is selected
from the middle part of the magnetization plateau or above
the saturation field. It is noteworthy that the monotonous
decrease of the total magnetization with increasing tem-
perature can be also found exactly at critical fields rele-
vant to a phase coexistence of two different ground states,
which are denoted in Fig. 3(b) and 4(b) by triangle sym-
bols. Under this condition, the total magnetization asymp-
totically reaches non-trivial values as temperature tends to
zero, namely, 1/(3
√
5) ≈ 0.1491 for a coexistence point
of the QAF-QFI phases, (2√5− 1)/(3√5) ≈ 0.5176 for a
coexistence point of the FRI1-FRI2 and QFI-FRI2 phases,
(2
√
5 + 1)/(3
√
5) ≈ 0.7157 for a coexistence point of the
FRI2-SPA phases.
The temperature variation of the zero-field suscepti-
bility times temperature product is depicted in Fig. 5 for
the particular case of the isotropic Heisenberg coupling
(∆ = 1, J˜ = 0.75) and the moderate strength of the
second-neighbor interaction I˜3 = 0.35. If the asymme-
try parameter δI˜ < 0.1375 is small enough in order to
establish the ferrimagnetic ground-state FRI1, the suscep-
tibility times temperature product exhibits a striking non-
monotonous dependence upon lowering temperature with
a flat minimum preceding low-temperature divergence that
is quite typical for ferrimagnets [40]. On the other hand,
the susceptibility times temperature product shows for
higher values of the asymmetry parameter δI˜ > 0.1375
a monotonous thermal dependence when it asymptoti-
cally tends to zero with decreasing temperature owing
to the quantum antiferromagnetic ground state QAF. The
stronger the antiferromagnetic second-neighbor interac-
tion I˜3 is, the less pronounced the temperature-induced
increase of χT product can be observed.
Finally, let us examine in detail temperature variations
of the zero-field specific heat. For this purpose, typical
temperature dependences of the zero-field specific heat are
plotted in Fig. 6 for the particular case of the isotropic
Heisenberg coupling (∆ = 1, J˜ = 0.75), the second-
neighbor interaction I˜3 = 0.35 and several values of
the asymmetry parameter δI˜ . It can be clearly seen from
Fig. 6(a) that the round maximum observable at higher
temperatures gradually decreases in height with increas-
ing the asymmetry parameter δI˜ as far as the FRI1 phase
constitutes the ground state. Moreover, there also appears
the additional Schottky-type peak at lower temperatures,
which is shifted towards lower temperatures upon strength-
ening of the asymmetry parameter δI˜ . The special case
δI˜ = 0.1375 corresponds to a phase coexistence between
the FRI1 and QAF phases, which is characterized through
the notable thermal dependence of the heat capacity with-
out the low-temperature peak but with a shoulder super-
imposed on ascending part of the round high-temperature
maximum [see thick lines displayed in Fig. 6(a) and (b)].
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Figure 3 (a) The total magnetization as a function of the magnetic field at a few different temperatures for the particular
case of the Heisenberg interaction ∆ = 1 and J˜ = 0.75 by assuming one fixed value of the asymmetry parameter
δI˜ = 0.1. The dotted lines correspond to the special case without the second-neighbor interaction I˜3 = 0, the solid lines
to the particular case with the second-neighbor interaction I˜3 = 0.35 of a moderate strength. (b) Thermal variations of the
total magnetization for the particular case of the Heisenberg interaction ∆ = 1 and J˜ = 0.75, the asymmetry parameter
δI˜ = 0.1 and the second-neighbor interaction I˜3 = 0.35 at several values of the magnetic field. The triangle symbols
denote critical fields at which two different ground states coexist together.
It worthwhile to remark that the double-peak temperature
dependence of the specific heat is recovered if the asym-
metry parameter δI˜ is strong enough to establish the QAF
ground state [see Fig. 6(b)]. In opposite to the previous
case, the round high-temperature maximum increases in
height with increasing the asymmetry parameter δI˜ and
the low-temperature Schottky-type peak shifts towards
higher temperatures until a complete coalescence of the
low- and high-temperature peaks is achieved. The most
spectacular thermal dependence of the heat capacity with
three distinct round peaks can be detected for the asymme-
try parameter close to δI˜ ≈ 0.2 when a mutual overlap of
the low- and high-temperature peaks gives rise to a subtle
intermediate (third) maximum significantly supported by
the shoulder superimposed ascending part of the round
high-temperature maximum [see the curve δI˜ = 0.2 in
Fig. 6(b)]. It is quite apparent that the sharpest peak ob-
servable at the lowest temperature can be always attributed
to thermal excitations from the FRI1 phase towards the
QAF phase or vice versa.
4 Experimental implications In this section, let us
draw a few implications for experimental representatives
of the diamond spin chain Cu3(CO3)2(OH)2 (azurite)
and the tetrahedral spin chain Cu3Mo2O9 on the basis
of the exactly solved spin-1/2 Ising–Heisenberg diamond
chain with the second-neighbor interaction between the
nodal spins. It has been argued in Refs. [28,29] that the
asymmetric spin-1/2 Heisenberg diamond chain with the
second-neighbor interaction between the nodal spins pro-
vides a comprehensive description of all experimental data
reported yet for the azurite. Although the generalized spin-
1/2 Ising–Heisenberg diamond chain surely represents
a considerable simplification of the analogous spin-1/2
Heisenberg diamond chain, it might be quite interesting to
ascertain to what extent it explains the most pronounced
features of the azurite because this simplified model still
correctly reproduces the strongest Heisenberg interaction
between the nearest-neighbor interstitial spins. According
to Refs. [28,29], the asymmetric spin-1/2 Heisenberg dia-
mond chain with the second-neighbor interaction between
the nodal spins quantitatively reproduces the experimental
data of the azurite by assuming the following specific val-
ues of the exchange constants (see Fig. 1 for the notation
used): J/kB = 33 K, I1/kB = 15.5 K, I2/kB = 6.9 K,
I3/kB = 4.6 K and the gyromagnetic ratio g = 2.06. This
result actually implies that the Heisenberg coupling be-
tween the nearest-neighbor interstitial spins is by far the
most dominant exchange interaction.
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Figure 4 (a) The total magnetization as a function of the magnetic field at a few different temperatures for the particular
case of the Heisenberg interaction ∆ = 1 and J˜ = 0.75 by assuming one fixed value of the asymmetry parameter
δI˜ = 0.7. The dotted lines correspond to the special case without the second-neighbor interaction I˜3 = 0, the solid lines
to the particular case with the second-neighbor interaction I˜3 = 0.35 of a moderate strength. (b) Thermal variations of the
total magnetization for the particular case of the Heisenberg interaction ∆ = 1 and J˜ = 0.75, the asymmetry parameter
δI˜ = 0.7 and the second-neighbor interaction I˜3 = 0.35 at several values of the magnetic field. The triangle symbols
denote critical fields at which two different ground states coexist together.
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Figure 5 The zero-field susceptibility times temperature
product as a function of temperature for the particular case
of the Heisenberg interaction ∆ = 1 and J˜ = 0.75, the
second-neighbor interaction I˜3 = 0.35 and several values
of the asymmetry parameter.
The ground-state phase diagram of the generalized
spin-1/2 Ising–Heisenberg diamond chain is depicted in
Fig. 7 in the form of dependence magnetic field versus
the second-neighbor interaction for the fixed values of
exchange constants relevant for the azurite. The magneti-
zation curve of the azurite should exhibit according to the
generalized Ising-Heisenberg diamond chain an interme-
diate plateau at one-third of the saturation magnetization
in the field range from 4.13 T to 31.96 T, which corre-
sponds to the quantum ferrimagnetic phase QFI with a
character of the dimer-monomer state. These results might
be contrasted with the state-of-the-art DMRG data for the
analogous spin-1/2 Heisenberg diamond chain, which pre-
dict the intermediate one-third plateau associated with the
dimer-monomer state in the field range from ≃9.5 T to
≃31 T in accordance with the experimental magnetization
data [28,29]. While the lower edge of the one-third plateau
is under-estimated within the generalized spin-1/2 Ising–
Heisenberg diamond chain approximatively two times, the
upper edge of the one-third plateau quantitatively coin-
cides almost exactly with the experimental data and the
relevant results of the generalized spin-1/2 Heisenberg
diamond chain (the estimated error is around 3 %). Alto-
gether, it could be concluded that the generalized spin-1/2
Ising–Heisenberg diamond chain not only qualitatively re-
produces a character of the ferrimagnetic dimer-monomer
state within the one-third plateau region, but it quantita-
tively reproduces the upper edge of the one-third magneti-
zation plateau. The main reason for this surprisingly good
quantitative concordance is the fact that the quantum (xy)
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Figure 6 The temperature dependences of the zero-field
specific heat for the Heisenberg interaction ∆ = 1 and
J˜ = 0.75, the second-neighbor interaction I˜3 = 0.35 and
several values of the asymmetry parameter δI˜ . The partic-
ular values of the asymmetry parameter depicted in Fig.
6(a) coincide with the ground state FRI1, while the ones
displayed in Fig. 6(b) correspond to the ground state QAF.
part of the exchange interactions I1, I2 and I3 becomes
irrelevant once the nodal spins are fully polarized by the
magnetic field within the one-third magnetization plateau
corresponding to the quantum dimer-monomer state. It is
quite tempting to conjecture, moreover, that the two-thirds
plateau could be detected in the magnetization curve of the
azurite just if the second-neighbor interaction between the
nodal spins would be greater than I3/kB ≥ 21.8 K, i.e., if
it would be roughly five times stronger than it is in reality.
Last but not least, let us employ the exact solution for
the generalized spin-1/2 Ising–Heisenberg diamond chain
to gain some insight into the magnetism of the copper-
based chain of corner-sharing tetrahedra Cu3Mo2O9 [33,
34,35,36,37,38] to be further referred to as the distorted
tetrahedral chain. First, it is worth mentioning that the
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Figure 7 The ground-state phase diagram of the gen-
eralized spin-1/2 Ising–Heisenberg diamond chain in the
I3 − B plane for the fixed values of exchange constants:
J/kB = 33 K (∆ = 1), I1/kB = 15.5 K, I2/kB = 6.9 K
and the gyromagnetic ratio g = 2.06. The vertical broken
line at I3/kB = 4.6 K shows the magnetization process
relevant for the azurite.
asymmetric spin-1/2 Ising–Heisenberg diamond chain ac-
counting for the additional second-neighbor interaction
between the nodal spins is isomorphous with the dis-
torted spin-1/2 Ising–Heisenberg tetrahedral chain with
four different exchange interactions within the tetrahedron
unit. Even though the magnetic compound Cu3Mo2O9 is
again the experimental realization of the distorted spin-1/2
Heisenberg tetrahedral chain, it is our hope that the sim-
plified spin-1/2 Ising–Heisenberg tetrahedral chain may
capture some important vestiges of its magnetic behav-
ior. Recent experimental measurements performed on the
distorted tetrahedral chain Cu3Mo2O9 serve in evidence
of the spectacular quantum antiferromagnetic order, in
which the uniform Ne´el order of the nodal spins along
the chain direction is accompanied with the spin-singlet-
like state of the interstitial spins [33,34,35,36,37,38].
According to our notation (see Fig. 1), the following ex-
change constants have been extracted from the inelastic
neutron scattering data for two strongest exchange inter-
actions J/kB = 67 K, I3/kB = 75 K, and the respec-
tive difference between two weaker exchange interactions
δI/kB = (I1 − I2)/kB = 35 K [37]. Despite the fact that
the absolute values of two weaker interactions I1 and I2
cannot be simply figured out from the available experimen-
tal data and they are still under debate, the rough estimate
of the weakest interaction is around I2/kB ≈ 12 K [35].
Regardless of the aforementioned ambiguity, the strongest
exchange interaction I3/kB = 75 K definitely drives the
zero-field ground state into the unique quantum antiferro-
magnetic phase (14)-(15) with the Ne´el order of the nodal
spins and the spin-singlet-like state of the interstitial spins
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characterized by the staggered magnetization:
mstag = 〈QAF|1
2
(Sˆzk,1 − Sˆzk,2)|QAF〉
=
1
2
δI√
(δI)2 + (J∆)2
≃ 0.23, (24)
which implies a quantum reduction of the magnetic mo-
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Figure 8 The ground-state phase diagram of the gen-
eralized spin-1/2 Ising–Heisenberg diamond chain in the
I1 − B plane for the fixed values of exchange constants:
J/kB = 67 K (∆ = 1), I3/kB = 75 K, δI/kB =
(I1 − I2)/kB = 35 K and the gyromagnetic ratio g =
2.154 that are relevant for the distorted tetrahedral chain
Cu3Mo2O9. The vertical broken line at I1/kB = 47 K
shows the estimated magnetization process.
ment of interstitial spins roughly to 47 % of its satura-
tion value. It is worth noticing that the quantum reduc-
tion of staggered magnetization depends just on a relative
strength of the coupling J between the nearest-neighbor
interstitial spins and the difference of exchange interac-
tions δI = I1 − I2, which are known quite accurately
from the experimental data unlike the absolute values of
the exchange interactions I1 and I2. With this background,
we have constructed for the distorted tetrahedral chain
Cu3Mo2O9 the ground-state phase diagram in the I1 − B
plane displayed in Fig. 8. The interaction constants esti-
mated for the distorted tetrahedral chain Cu3Mo2O9 evi-
dently fall into the parameter region, where the interme-
diate one-third magnetization plateau is absent but there
exists the two-thirds magnetization plateau connected to
the classical FRI2 ground state emerging at sufficiently
high magnetic fields. This theoretical prediction is consis-
tent with recent high-field measuremens performed on the
single-crystal sample of Cu3Mo2O9, which give a clear ev-
idence for the two-thirds magnetization plateau the micro-
scopic origin of which is currently under investigation [38].
It is worthwhile to remark that the lower edge of inder-
mediate two-thirds plateau is independent of the absolute
value of the exchange constant I1 (it depends only on the
exchange constant J and the difference δI), which allows
us to fix the lower edge of two-thirds plateau quite accu-
rately to the value B = 49.3 T that is in a relatively good
quantitative accord with the values B = 52.3, 60.3 and
47.5 T reported for the magnetization data measured along
three crystalographic axes of the distorted tetrahedral chain
Cu3Mo2O9 [38]. From this perspective, one may infer that
the two-thirds plateau actually bears a connection with the
classical ferrimagnetic ground state FRI2.
5 Conclusion In the present article, the ground state
and thermodynamics of the asymmetric spin-1/2 Ising–
Heisenberg diamond chain generalized by the second-
neighbor interaction between the nodal spins are examined
by a rigorous calculation. Exact results for the free energy,
magnetization, susceptibility, entropy and heat capacity of
the generalized spin-1/2 Ising–Heisenberg diamond chain
have been derived by applying the method of decoration-
iteration transformation. In particular, our attention has
been focused on exploring the magnetic behavior of the
generalized spin-1/2 Ising–Heisenberg diamond chain with
the antiferromagnetic interactions, which should exhibit
the most intriguing magnetic features in relation with a
strong interplay between the geometric frustration and
local quantum fluctuations.
Among the most interesting results one could men-
tion a considerable diversity of ground-state phase dia-
grams, which may include in total five different ground
states: the saturated paramagnetic ground state SPA, two
classical ferrimagnetic ground states FRI1 and FRI2, one
quantum ferrimagnetic ground state QFI and the unique
quantum antiferromagnetic ground state QAF. Notably all
ferrimagnetic ground states should manifest themselves
in low-temperature magnetization curves as intermediate
plateaux at fractional values of the saturation magnetiza-
tion. While the total magnetization of two translationally
invariant classical and quantum ferrimagnetic phases FRI1
and QFI equals to one-third of the saturation magnetiza-
tion, the total magnetization of the other classical ferrimag-
netic phase FRI2 (up-up-up-down-up-up-...) with a transla-
tionally broken symmetry equals to two-thirds of the satu-
ration magnetization. It is worthy of notice that the pecu-
liar two-thirds magnetization plateau related to the clas-
sical ferrimagnetic phase FRI2 cannot be definitely found
in the spin-1/2 Ising–Heisenberg diamond chain without
the second-neighbor interaction between the nodal spins
[21] but the four-spin coupling might represent an alterna-
tive mechanism for a stabilization of the two-thirds plateau
[25,26]. Besides, we have also demonstrated a rich variety
of temperature dependences of the zero-field susceptibility
and zero-field specific heat, whereas thermal dependences
of zero-field specific heat may display one or two anoma-
lous low-temperature peaks in addition to the round maxi-
mum observable at higher temperatures.
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The exact solution presented for the generalized spin-
1/2 Ising–Heisenberg diamond chain has also proved
its usefulness in elucidating magnetic properties of two
copper-based chains Cu3(CO3)2(OH)2 and Cu3Mo2O9,
which provide outstanding experimental realizations of
the diamond spin chain and the distorted tetrahedral spin
chain, respectively. As a matter of fact, the generalized
spin-1/2 Ising–Heisenberg diamond chain correctly repro-
duces the intermediate one-third magnetization plateau of
the azurite as macroscopic manifestation of the quantum
ferrimagnetic (dimer-monomer) phase, whereas an upper
edge of the intermediate plateau coincides almost exactly
with the experimental results and the state-of-the-art nu-
merical calculations for the analogous but more sophis-
ticated Heisenberg model [28,29]. Moreover, the exactly
solved spin-1/2 Ising–Heisenberg diamond chain sheds
light on the spectacular quantum antiferromagnetic state
QAF of the distorted tetrahedral chain Cu3Mo2O9, which
is characterized by the Ne´el order of the nodal spins and
the spin-singlet-like state of the interstitial spins. Our rig-
orous results have enabled us to conjecture to what extent
the staggered magnetization of interstitial spins is reduced
by quantum fluctuations within the QAF, as well as, to pro-
pose the microscopic nature of two-thirds magnetization
plateau verified by recent high-field measurements [38].
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